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Txdqwlwdwlyh H{dplqdwlrq ri Fruurvlrq Gdpdjh E| Phdqv ri
Wkhupdo Uhvsrqvh Phdvxuhphqwv

Qln Udmlf

Devwudfw

Wzr frpsxwdwlrqdo phwkrgv duh suhvhqwhg wkdw hqdeoh d fkdudfwhulvdwlrq ri fruurvlrq gdpdjh wr eh shu0
iruphg iurp wkhupdo uhvsrqvh phdvxuhphqwv ghulyhg iurp d vwdqgdug  dvk wkhuprjudsklf lqvshfwlrq1 Wkh
�uvw lv edvhg xsrq d rqh glphqvlrqdo dqdo|wlfdo vroxwlrq wr wkh khdw gl�xvlrq htxdwlrq dqg suhvxphv wkh
odwhudo h{whqw ri gdpdjh lv odujh frpsduhg wr wkh uhvlgxdo vwuxfwxudo wklfnqhvv/ vxfk wkdw odwhudo khdw gl�xvlrq
h�hfwv fdq eh frqvlghuhg lqvljql�fdqw1 Wkh vhfrqg sursrvhg phwkrg/ edvhg rq d �qlwh hohphqw rswlplvdwlrq
vfkhph/ dgguhvvhv wkh pruh jhqhudo fdvh zkhuh wkhvh frqglwlrqv duh qrw phw1 Uhvxowv iurp dq h{shulphqwdo
dssolfdwlrq duh jlyhq wr looxvwudwh wkh suhflvlrq/ urexvwqhvv dqg sudfwlfdo h!fdf| ri erwk phwkrgv1

4 Lqwurgxfwlrq

Lqiuduhg wkhuprjudsk| lv zlgho| dffodlphg dv r�hulqj d xqltxho| sudfwlfdo phdqv ri qrq0ghvwuxfwlyh lq0
vshfwlrq/ |hw lv dovr riwhq pdoljqhg ehfdxvh wkh gdwd lw surgxfhv lv qrw uhdglo| lqwhusuhwdeoh lq d txdqwlwdwlyh
vhqvh1 Wzr ixqgdphqwdo sureohpv kdyh wudglwlrqdoo| klqghuhg dwwhpswv dw  dz fkdudfwhulvdwlrq= khdw frq0
gxfwlrq dqg wkh sduwlfxoduo| srru lqwulqvlf vljqdo0wr0qrlvh ohyhov ri skrwrq0ghwhfwlrq ghylfhv1 Iruwxqdwho|/
erwk kdyh ehhq vxevwdqwldoo| plwljdwhg e| uhfhqw whfkqrorjlfdo dgydqfhphqwv1 Lpsuryhg lqiuduhg ghwhfwlrq
htxlsphqw dorqj zlwk srzhuixo lpdjh surfhvvlqj kdugzduh kdyh ohg uhvshfwlyho| wr ehwwhu gdwd txdolw| dqg
wr wkh idflolwdwlrq ri ydulrxv frpsxwdwlrqdo phdqv ri dgguhvvlqj wkh khdw frqgxfwlrq sureohp1

Wkhvh ghyhorsphqwv kdyh kdg dq lpsruwdqw ehdulqj rq wkh sureohp ri klgghq fruurvlrq gdpdjh lq djlqj
dlufudiw/ dq lvvxh wkdw ohdsw wr surplqhqfh diwhu wkh lghqwl�fdwlrq ri fruurvlrq dv d frqwulexwlqj idfwru lq wkh
4<;; Dorkd Dluolqhv E:6: dfflghqw1 Vlqfh wkhq/ vljql�fdqw h�ruwv kdyh ehhq pdgh wrzdug ghyhorslqj h�hfwlyh
phdqv ri hvwlpdwlqj wkh vhyhulw| ri fruurvlrq gdpdjh rq wkh edvlv ri gdwd dftxluhg iurp d wkhuprjudsklf
lqvshfwlrq1 H{lvwlqj vwudwhjlhv idoo urxjko| lqwr rqh ri wzr fdwhjrulhv= wkrvh wkdw dgguhvv wkh fruh lqyhuvh
wkhupdo sureohp e| d uljrurxv dqdo|wlfdo dssurdfk/ dqg wkrvh wkdw frpelqh hpslulflvp zlwk hohphqwv ri
pdwkhpdwlfdo prghoolqj1 Erwk kdyh vshfl�f dgydqwdjhv exw qhlwkhu dsshduv wr kdyh vsdzqhg dq hqwluho|
vdwlvidfwru| jhqhudo vroxwlrq wkdw lv suhflvh dqg urexvw/ |hw sudfwlfdo hqrxjk iru urxwlqh �hog lpsohphqwdwlrq1
Vrph ri wkhvh vwxglhv gr krzhyhu d�rug d ydoxdeoh lqvljkw lqwr wkh dvshfwv ri wkh sureohp wkdw duh nh|v wr
lwv uhvroxwlrq lq wkhvh whupv1 Wkh lqwhqwlrq ri wkh suhvhqw duwlfoh lv wr uhsruw rq wzr vwudwhjlhv wkdw irfxv rq
vrph ri wkhvh nh| dvshfwv1 Wkh vhfwlrq wkdw iroorzv ghvfulehv lq jhqhudo whupv wkh uhohydqw lqyhuvh sureohp
wr eh vroyhg dqg suhvhqwv dq ryhuylhz ri wkh olwhudwxuh dgguhvvlqj lwv vroxwlrq1
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414 Wkh Lqyhuvh Wkhupdo Sureohp 0 Dq Ryhuylhz

Wkh vwuxfwxudo fkdudfwhulvdwlrq ri d fruurghg frpsrqhqw edvhg rq lwv wkhupdo uhvsrqvh wr dq h{whuqdo
wkhupdo vwlpxodwlrq lqyroyhv dq lqyhuvh wkhupdo sureohp> vrphwlphv fdoohg wkh �xqnqrzq erxqgdu|� lqyhuvh
sureohp1 Lwv edvlf vwdwhphqw lv wkxv= wr ghwhuplqh wkh sur�oh ru d sduwlfxodu fkdudfwhulvwlf ri dq lqdffhvvleoh
vxuidfh jlyhq phdvxuhphqwv ri wkh wkhupdo uhvsrqvh wr d wkhupdo h{flwdwlrq dssolhg xsrq d gl�huhqw vxuidfh1
Zkhq srvhg lq d vx!flhqwo| lghdolvhg irup/ sureohpv olnh wkhvh fdq eh vroyhg lq d uhdvrqdeo| uljrurxv
dqdo|wlfdo pdqqhu1

Kvhlk ) Ndvvde +4<;9, suhvhqw d vwudwhj| wdloruhg iru wkh wzr0glphqvlrqdo erxqgdu| lghqwl�fdwlrq sureohp
lqyroylqj vwhdg| vwdwh wkhupdo frqglwlrqv1 D uljrurxv vroxwlrq zdv pdgh srvvleoh e| d frruglqdwh pdsslqj
vfkhph wkdw vxffhvvixoo| wudqviruphg wkh ruljlqdo vshflphq jhrphwu| zlwk lwv xqnqrzq uhdu erxqgdu| sur�oh/
wr d uhjxodu uhfwdqjxodu grpdlq1 Lq wklv irup/ wkh sureohp kdv d vwhdg| vwdwh vroxwlrq wkdw fdq eh h{suhvvhg
lq whupv ri d vlqjoh irxulhu vhulhv zkrvh frh!flhqwv duh xqltxho| ghwhuplqhg e| wkh vwhdg| whpshudwxuhv
phdvxuhg rq wkh vxuidfh wr zklfk wkh h{flwdwlrq lv dssolhg1 Diwhu wkhvh frh!flhqwv zhuh irxqg/ dqg wkh
whpshudwxuh glvwulexwlrq wkurxjkrxw wkh dx{looldu| grpdlq frqvwuxfwhg iurp wkhp/ wkh sur�oh ri wkh klgghq
vxuidfh zdv irxqg vlpso| dv wkh orfxv zlwklq wkh grpdlq dorqj zklfk erxqgdu| frqglwlrqv/ dvvxphg ru nqrzq
wr dsso| rq wklv vxuidfh/ zhuh vdwlv�hg1 Zklovw wkh phwkrg zdv vkrzq wr shuirup zhoo zlwk qxphulfdoo|
jhqhudwhg gdwd dqg zdv urexvw zkhq dssolhg wr gdwd frqwdlqlqj orz ohyhov ri vlpxodwhg qrlvh/ lwv uholdqfh rq
vwhdg| vwdwh frqglwlrqv lv fohduo| lqfrqvlvwhqw zlwk fxuuhqw lpsohphqwdwlrqv ri  dvk wkhuprjudsk|1 Edqnv
hw do +4<;<, suhvhqw d pruh xvhixo wkrxjk idu pruh frpsoh{ dqdo|wlfdo ghyhorsphqw edvhg xsrq wkh phwkrg
ri pdsslqjv wr vroyh wkh vdph w|sh ri wzr0glphqvlrqdo sureohp exw zlwkrxw wkh vwhdg|0vwdwh frqvwudlqw1
Wkh phwkrg zdv dssolhg wr vhyhudo lghdolvhg fruurvlrq sureohpv zlwk jrrg vxffhvv dqg ghvslwh wkh jhqhudoo|
loo0frqglwlrqhg qdwxuh ri vxfk lqyhuvh sureohpv/ zlwk uhdvrqdeoh urexvwqhvv1

Lqyhuvh wkhupdo sureohpv fdq dowhuqdwlyho| eh wdfnohg xvlqj d zdyh irupdolvp +Juhhq +4<5:,,/ lq zklfk
khdw gl�xvlrq lv pdwkhpdwlfdoo| wuhdwhg dv d zdyh sursdjdwlrq skhqrphqrq +vhh iru h{dpsoh Sdgh )Pdqgholv
+4<<6,,1 D qrwdeoh dgydqwdjh lw r�huv lv wkh dffrpsdq|lqj odujh erg| ri nqrzohgjh shuwdlqlqj wr wkh
vroxwlrq ri dqdorjrxv lqyhuvh sureohpv lq {0ud| dqg dfrxvwlf gl�udfwlrq1 Furzwkhu hw do +4<<6, uhsruw rq
wkh dssolfdwlrq ri d zdyh0olnh wuhdwphqw wr d wkuhh0glphqvlrqdo lqyhuvh sureohp lqyroylqj wkh hvwlpdwlrq
ri wkh odwhudo vkdsh ri d vhpl0lq�qlwh yrlg frqwdlqhg zlwklq d kdoi sodqh dw d nqrzq ghswk1 Wkh iruzdug
sureohp zdv fdvw lq whupv ri d frqyroxwlrq ehwzhhq d Juhhq*v ixqfwlrq hperg|lqj d ghvfulswlrq ri wkhupdo
zdyh vfdwwhulqj surfhvvhv/ dqg d ghihfw vkdsh ixqfwlrq uhsuhvhqwlqj wkh vfdwwhulqj remhfw1 Wkh fruuhvsrqglqj
lqyhuvh sureohp zdv vroyhg e| vwdqgdug iuhtxhqf| grpdlq ghfrqyroxwlrq whfkqltxhv1 Uhvxowv rewdlqhg rq
 dvk0khdwhg vwhho sodwh vshflphqv frqwdlqlqj sodqdu ghihfwv ri luuhjxodu vkdsh frq�uphg wkdw wkh phwkrg
frxog surylgh erwk jrrg vkdsh uhfrqvwuxfwlrq dqg vhhplqjo| jrrg urexvwqhvv1 Xqiruwxqdwho|/ wkh phwkrg
suhvxphv dq dsulrul nqrzohgjh ri wkh  dz ghswk/ d sdudphwhu wkdw lv qrupdoo| dvvxphg wr eh dq xqnqrzq1
Wkh wkhru| zdv odwhu h{whqghg wr lqfoxgh qrq0sodqdu ghihfwv dqg dqlvrwurslf pdwhuldo surshuwlhv +Idyur hw do
+4<<7,,/ wkrxjk lwv suhvxpswlrq ri d nqrzq ghihfw ghswk uhpdlqhg1

Pdq| sureohpv dulvh lq sudfwlfh wkdw duh vlpso| qrw dphqdeoh wr d uljrurxv dqdo|wlfdo dssurdfk1 Iurp
wkh rxwvhw/ d sureohp pd| eh lpsrvvleoh wr vwuxfwxuh lq d pdwkhpdwlfdoo| wudfwdeoh irup/ shukdsv ehfdxvh
ri d frpsoh{ jhrphwu|/ ru/ zkhq d vroxwlrq lv srvvleoh/ lw pd| odfn vx!flhqw urexvwqhvv1 Lq wkhvh vlwxdwlrqv/
dq hpslulfdo dssurdfk ru rqh frpelqhg zlwk uxglphqwdu| prghoolqj pd| r�hu wkh rqo| phdqv ri rewdlqlqj d
xvhixo vroxwlrq1 Dq hvshfldoo| vlpsoh wuhdwphqw zdv suhvhqwhg e| Gho Judqgh hw do +4<<6,1 Khuh/ lw zdv vkrzq
wr eh srvvleoh wr olqhduo| uhodwh wkh whpshudwxuh ulvh phdvxuhg rq d vwuxfwxuh dw d vshfl�f srlqw dqg dw d �{hg
wlph diwhu  dvk h{flwdwlrq/ wr wkh dprxqw ri pdwhuldo orvv dw wkdw srlqw1 Zklovw h�hfwlyh/ vxfk dq dssurdfk
kdv wkh vhulrxv glvdgydqwdjh ri uhtxlulqj uhqhzhg fdoleudwlrq iru hyhq voljkw yduldwlrqv lq wkh h{shulphqwdo
frq�jxudwlrq1 Wkh qhhg iru h{whqvlyh fdoleudwlrq fdq riwhq eh dyrlghg e| zd| ri d vlpsoh pdwkhpdwlfdo
prgho1 D fdvh lq srlqw lv wkh phwkrg suhvhqwhg e| Ydylory hw do +4<<9,1 Khuh/ vwdqgdug rqh0glphqvlrqdo
khdw gl�xvlrq wkhru| zdv dssolhg wr surgxfh d vlpsoh udwlrqdo h{suhvvlrq ri wkh irup/
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,/ dqg �O dqg O duh wkh fruuhvsrqglqj wklfnqhvv phdvxuhphqwv1 Dssolfdwlrq
ri wkh h{suhvvlrq zdv uhvwulfwhg wr zlwklq zkdw wkh dxwkruv ghvfuleh dv dq �rswlpdo revhuydwlrq wlph�/ gh�qlqj
d shulrg gxulqj zklfk odwhudo gl�xvlrq h�hfwv> qrw hqfrpsdvvhg e| wkh 40G irupxodwlrq> duh lqvljql�fdqw1
H{shulphqwdo uhvxowv zhuh prvw hqfrxudjlqj iru rqo| uhodwlyho| vkdoorz  dzv1 Rwkhu vhpl0hpslulfdo phwkrgv
pd| eh irxqg lq wkh uhylhz e| Pdogdjxh +4<<6,1
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Iljxuh 4= Vdpsoh ri d w|slfdo hyroxwlrq ri frqwudvw F dv d ixqfwlrq ri wlph iroorzlqj wkh lpsxovh h{flwdwlrq
ri d vwuxfwxuh frqwdlqlqj d  dz1 W lv wkh whpshudwxuh deryh wkh  dz/ W

uhi

lv wkh whpshudwxuh dw d uhihuhqfh
orfdwlrq dqg wkh fkdudfwhulvwlf wlphv w

4
/ w

5
/ dqg w

6
uhvshfwlyho| uhihu wr wkh wlph wr frqwudvw lq hfwlrq/ wkh

wlph wr 4

5

shdn frqwudvw dqg wkh wlph wr shdn frqwudvw1

Dq| dssurdfk uholdqw xsrq phdvxuhphqwv ri whpshudwxuh pdjqlwxgh vwdqgv wr eh eldvvhg e| wkh ydulrxv
sdudvlwlf lq xhqfhv wkdw whqg wr dffrpsdq| wkhvh phdvxuhphqwv1 Uhohydqw h�hfwv lqfoxgh= qrq0xqlirup
looxplqdwlrq/ h{wudqhrxv uh hfwlrqv/ qrq0xqlirup lqiuduhg hplvvlylw| dqg wr d ohvvhu h{whqw wkrvh h�hfwv uhodwhg
wr wkh lpdjhu lwvhoi/ olnh ghwhfwru jdlq qrq0xqliruplw| dqg rswlfdo glvwruwlrq fdxvhg e| ohqv deehudwlrqv1 Li
qrw dffrxqwhg iru/ wkhvh fdq ohdg wr vsxulrxv  dz ghwhfwlrqv dqg fdq klqghu dwwhpswv dw fkdudfwhulvlqj dq
h{lvwlqj  dz1 Dq lqfuhdvlqjo| srsxodu dowhuqdwlyh lv wr h{dplqh wkh whpsrudo fkdudfwhulvwlfv udwkhu wkdq
wkh devroxwh ydoxhv ri wkh whpshudwxuh uhvsrqvh/ vlqfh wkhvh whqg qrw wr eh lq xhqfhg qhduo| dv pxfk e|
wkh iruhqdphg h�hfwv1 Wkh hyroxwlrq ri frqwudvw> wkdw lv wkh whpshudwxuh gl�huhqfh ehwzhhq d srlqw ri
lqwhuhvw dqg d uhihuhqfh srlqw nqrzq wr uhvlgh lq d vrxqg duhd> frqwdlqv vhyhudo glvwlqfw hsrfkv wkdw duh
vwurqj ixqfwlrqv ri wkh fkdudfwhulvwlfv ri dq xqghuo|lqj  dz +Ilj 4,1 Vrph ri wkhvh kdyh hvshfldoo| xvhixo
surshuwlhv1 Wkh wlph wr frqwudvw lq hfwlrq iru lqvwdqfh kdv ehhq vkrzq e| Idyur +4<<8, dv zhoo dv ehlqj
srlqwhg rxw e| rwkhuv/ wr eh hvshfldoo| zhoo vxlwhg wr wkh fkdudfwhulvdwlrq ri  dz ghswk/ edvhg odujho| rq lwv
uhodwlyh lqvhqvlwlylw| wr wkh odwhudo h{whqw ri d  dz1 Wkh lqghshqghqfh vwhpv gluhfwo| iurp lwv pdqlihvwdwlrq
gxulqj wkh yhu| hduo| sduwv ri wkh frqwudvw hyroxwlrq/ gxulqj d shulrg zkhq odwhudo +lq0sodqh, khdw gl�xvlrq lv
lqvljql�fdqw dv frpsduhg wr wkurxjk0wklfnqhvv gl�xvlrq1 Wkh srlqw lv vljql�fdqw ehfdxvh lw vxjjhvwv wkdw lq
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rughu wr idflolwdwh d vlpsoh dssurdfk wr d fkdudfwhulvdwlrq sureohp lw lv ixqgdphqwdoo| lpsruwdqw wr uhvwulfw
wkh dqdo|vlv wr d wlph iudph zkhuh gl�xvlrq lv odujho| frq�qhg wr rqh vsdwldo glphqvlrq> lq wkh wkurxjk0
wklfnqhvv gluhfwlrq1 Wklv nh| sulqflsoh xqghuolhv dq dssurdfk suhvhqwhg lq wkh iroorzlqj vhfwlrq wkdw wdfnohv
wkh fruurvlrq fkdudfwhulvdwlrq sureohp1 Wr looxvwudwh vrph ri lwv lqkhuhqw dgydqwdjhv zh dsso| wkh phwkrg
wr qxphulfdoo| jhqhudwhg gdwd shuwdlqlqj wr d vlpxodwhg wzr0glphqvlrqdo fruurvlrq sureohp/ dqg wkhq wr
h{shulphqwdo gdwd lqyroylqj vhyhudo wzr0glphqvlrqdo vshflphqv frqwdlqlqj vlpxodwhg fruurvlrq gdpdjh1

5 D Rqh0Glphqvlrqdo Dssurdfk

Wkh dssurdfk lv ghvfulehg dv iroorzv1 Frqvlghu d wzr glphqvlrqdo vwuxfwxuh frqwdlqlqj d vlpsoh uhfwdqjx0
odu cfxwrxw*  dz1 Dq dssur{lpdwh uhsuhvhqwdwlrq ri wklv erg| lv frqvwuxfwhg e| dvvxplqj lw wr eh frpsulvhg
ri wzr wkhupdoo| lvrodwhg vodev ri gl�huhqw wklfnqhvv +Ilj 5,1

x
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Structure 1

Structure 2

Iljxuh 5= Wzr0glphqvlrqdo vwuxfwxuh frqwdlqlqj d uhfwdqjxodu  dz1 Ghslfwhg lq d rqh0glphqvlrqdo dssur{l0
pdwlrq dv wzr lqghshqghqw erglhv ri gl�huhqw wklfnqhvv1

D sodqh lpsxovh khdw vrxufh ri lqwhqvlw| T dssolhg wr wkh vxuidfh ri wkh vode ri wklfnqhvv O
4

surgxfhv wkh
iroorzlqj whpshudwxuh uhvsrqvh dw wkh vxuidfh { @ 3/ +Fduvodz ) Mdhjhu +4<8<,,/

W
4

+w, @
T�

NO
4

#
5
4[
n@4

h
��

�
n�

O4

�5
w

. 4

$
= +4,

Khuh/ � lv wkh wkhupdo gl�xvlylw| dqg N lv wkh wkhupdo frqgxfwlylw|1 Wkh whpshudwxuh gl�huhqfh wkdw zrxog
h{lvw ehwzhhq wklv dqg d wklqqhu vwuxfwxuh/ vd| ri wklfnqhvv O

5
/ h{srvhg wr wkh vdph h{flwdwlrq/ iroorzv iurp

Ht1 +4,/

F+w, @ W
5

+w,� W
4

+w, @
5T�

N

%
4[
n@4

#
4

O
5

h
�

n
5
�w

O
5
5 � 4

O
4

h
�

n
5
�w

O
5
4

$
.

O
4

� O
5

5O
5

O
4

&
> O

4

A O
5

+5,

zkhuh

7



� @ ��5

dqg F+w, zh uhihu wr dv wkh frqwudvw1 Frqvlghu qrz wkh hyroxwlrq ri frqwudvw suhglfwhg e| Ht1 +5, iru wkh
iroorzlqj wkuhh gl�huhqw vshflphq frq�jxudwlrqv= ydoxhv ri �/ N/ dqg O

4
duh �{hg dw 93 pp5vhf�4/ 487

Zp�4N�4/ dqg 43 pp uhvshfwlyho| dqg wkh wklfnqhvv O
5
lv ydulhg dprqjvw wkuhh ydoxhv> 5 pp/ 6 pp dqg

8 pp1 Wkh fruuhvsrqglqj vroxwlrqv iru F+w, duh suhvhqwhg lq Ilj 6 dqg duh ghqrwhg e| xqpdunhg olqhv1
Wkh dgglwlrqdo vhw ri fxuyhv/ ghqrwhg e| pdunhg olqhv/ uhsuhvhqw vroxwlrqv wr wkh wzr0glphqvlrqdo sureohp
fuhdwhg e| mrlqlqj wkh wzr vodev wrjhwkhu zkhuh wkh zlgwkv gh�qhg lq Ilj 5 zhuh fkrvhq dv z

4

@ 58 pp
dqg z

5

@ 8 pp1 Wklv sureohp zdv vroyhg xvlqj wkh �qlwh hohphqw phwkrg zlwk d phvk frpsulvhg ri olqhdu
uhfwdqjxodu hohphqwv/ 43 lq ghswk dqg 57 lq zlgwk/ dqg zlwk dgldedwlf frqglwlrqv dvvxphg rq doo erxqgdulhv1
Wkh frqwudvw khuh lv d ixqfwlrq ri odwhudo srvlwlrq exw iru looxvwudwlyh sxusrvhv zh frqvlghu rqo| wkh frqwudvw
dw wkh h{wuhph uljkw kdqg vlgh ri wkh vwuxfwxuh/ gh�qhg lq uhihuhqfh wr wkh uhvsrqvh dw wkh h{wuhph ohiw1 Wkh
ihdwxuh wr qrwh lq wkh �jxuh lv wkh forvh dffrugdqfh ehwzhhq wkh uhodwhg rqh dqg wzr0glphqvlrqdo vroxwlrqv
lq wkh hduo| vwdjhv ri wkh frqwudvw hyroxwlrq/ vd| iru wkh shulrg h{whqglqj iurp wkh rqvhw ri wkh h{flwdwlrq
xqwlo 4243wk ri d vhfrqg diwhu lwv whuplqdwlrq1 Wklv fohduo| lpsolhv wkdw/ zlwklq vxfk d shulrg ri wlph/ odwhudo
khdw gl�xvlrq h�hfwv duh xqlpsruwdqw lq ghvfulelqj wkh vxuidfh whpshudwxuh uhvsrqvh1 E| ljqrulqj wkhvh
h�hfwv wkh lqyhuvh sureohp qhhghg wr eh vroyhg lq rughu wr ghwhuplqh wkh dprxqw ri pdwhuldo orvv lv juhdwo|
vlpsol�hg � lq hvvhqfh rqo| wkh wklfnqhvv ri wkh vkruwhu vode lq wkh rqh0glphqvlrqdo uhsuhvhqwdwlrq lv wr eh
irxqg1
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Iljxuh 6= Frqwudvw hyroxwlrqv iru 40G +dqdo|wlfdo, dqg 50G +Ilqlwh hohphqw, wuhdwphqwv iru ydulrxv ydoxhv ri
O
5

D gluhfw vroxwlrq iru wkh wklfnqhvv O
5
lq Ht1 +5, lv vrxjkw/ pdnlqj rqo| wkh dvvxpswlrqv wkdw wkh uhihuhqfh

wklfnqhvv O
4

/ dqg wkh pdwhuldo surshuwlhv � dqg N/ duh nqrzq1 Diwhu uhduudqjlqj wkh ruljlqdo h{suhvvlrq/
Ht1 +5,/ dq remhfwlyh ixqfwlrq lv frqvwuxfwhg lq whupv ri wzr xqnqrzqv dv iroorzv
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zkhuh Q lv wkh qxpehu ri gdwd srlqwv/ P lv wkh qxpehu ri hljhqydoxhv/ � lv wkh phdvxuhg frqwudvw dqg wkh
sdudphwhuv wr eh hvwlpdwhg duh wkh wklfnqhvv udwlr � @ O

5
@O

4
/ dqg d vfdolqj sdudphwhu D1 Qrwh wkdw iurp

khuhrq wkh vxevfulsw rq O
4

lv gursshg zlwk wkh xqghuvwdqglqj wkdw O uhihuv wr wkh uhihuhqfh wklfnqhvv1 Wkh
vfdolqj sdudphwhu lv uhtxluhg wr dffrxqw iru wkh idfw wkdw lq sudfwlfh rqo| d srru nqrzohgjh ri wkh h{flwdwlrq
lqwhqvlw| lv h{shfwhg dqg pruh riwhq wkdq qrw wkh gdwd rewdlqhg lv olnho| wr eh xqfdoleudwhg1 Wkh rqo|
dvvxpswlrqv duh wkdw wkh h{shulphqwdo frqwudvw0gdwd kdv }hur r�vhw/ wkdw lv F

w$3

$ 3/ dqg wkdw wkh gdwd
lv qrupdolvhg vr wkdw wkh shdn ydoxh lv vfdohg wr O�41 Vxfk qrupdolvdwlrq kdv olwwoh gluhfw ehdulqj rq wkh
vroxwlrq surfhvv lwvhoi/ krzhyhu lw grhv idflolwdwh d phdvxuh ri wkh crqh0glphqvlrqdolw|* ri wkh h{shulphqwdo
gdwd/ vlqfh lq d sxuho| rqh0glphqvlrqdo fdvh wkh vfdoh sdudphwhu pd| wkhq eh uhodwhg wr wkh wklfnqhvv udwlr
dv iroorzv= D @ 5�@+4� �,1

Wkh plqlplvdwlrq ri " lv qrw dphqdeoh wr d forvhg irup vroxwlrq/ exw lw fdq eh grqh h!flhqwo| zlwk
vwdqgdug qxphulfdo rswlplvdwlrq whfkqltxhv1 Wkh remhfwlyh ixqfwlrq vxuidfh wdnhv wkh fkdudfwhulvwlf irup
suhvhqwhg lq Ilj 71 Qrwh wkdw vlqfh wkh lqyhuvh ri " lv vkrzq khuh/ wkh vroxwlrq fruuhvsrqgv wr d pd{lpxp
udwkhu wkdq d plqlpxp ydoxh1 Wkh dv|pswrwlf ehkdylrxu ri wkh ixqfwlrq fdq eh gh�qhg dv iroorzv= iru
yduldwlrqv lq � zh kdyh " $ S

�5 dv � $ 4 dqg " $ 4 dv � $ 3 dqg iru yduldwlrqv lq D zh kdyh " $ S
�5

dv D $ 3 dqg " $ 4 dv D $ 41 Wkh vroxwlrq lv irxqg dorqj d qduurz ulgjh +ru ydooh|, wkdw h{whqgv lq wkh
gluhfwlrq ri qhdu frqvwdqw � dw d ydoxh forvh wr wkh rswlpdo vroxwlrq1 Gdwd xvhg lq frqvwuxfwlqj wkh ixqfwlrq
zhuh rewdlqhg iurp d �qlwh hohphqw vroxwlrq ri wkh wzr0glphqvlrqdo fxwrxw sureohp ghvfulehg hduolhu1 Iru
wklv fdvh/ wkh wklfnqhvv udwlr ri 318 xvhg lq wkh vlpxodwlrq dffrugv zhoo zlwk wkh rswlpdo ydoxh ri qhdu � @ 3=8
lqglfdwhg e| wkh surmhfwhg frqwrxu1 Qrwh wkdw wkh dssduhqw orfdo pd{lpd qhdu wkh joredo pd{lpxp duh dq
duwhidfw ri wkh orz vdpsolqj uhvroxwlrq xvhg lq sorwwlqj wkh ixqfwlrq1 Wkh vroxwlrq lv lq idfw xqltxh1
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Iljxuh 7= Vxuidfh ri "�41

Jlyhq wkh zhoo ehkdyhg qdwxuh ri wkh remhfwlyh ixqfwlrq doprvw dq| rswlplvdwlrq vfkhph vkrxog vx!fh lq
vroylqj wkh sureohp luuhvshfwlyh ri wkh txdolw| ri wkh lqlwldo hvwlpdwhv1 Wkh rqo| uhpdlqlqj lpsruwdqw lvvxh lv
wkdw ri frpsxwdwlrqdo h!flhqf|1 Iru vxfk ixqfwlrqv/ judglhqw edvhg phwkrgv w|slfdoo| rxwshuirup phwkrgv
edvhg vroho| rq wkh hydoxdwlrq ri wkh ixqfwlrq lwvhoi1 Iru wkh sureohp dw kdqg/ erwk frqmxjdwh judglhqw dqg
txdvl0qhzwrq phwkrgv zhuh irxqg wr eh fohduo| vxshulru wr wkh vlpsoh{ phwkrg1 Wkh sduwldo ghulydwlyhv ri
wkh remhfwlyh ixqfwlrq duh wulyldoo| hydoxdwhg/ yl}1/
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Doo vxevhtxhqw rswlplvdwlrqv ri Htq +6, suhvhqwhg lq wklv vwxg| zhuh rewdlqhg xvlqj wkh frqmxjdwh judglhqw
whfkqltxh1

514 Qxphulfdo Ydolgdwlrq

Lvvxhv ri suhflvlrq dqg urexvwqhvv zhuh h{dplqhg e| dsso|lqj wkh prgho wr d whvw fdvh fuhdwhg e| �qlwh
hohphqw vlpxodwlrq1 Lw lqyroyhg d wzr glphqvlrqdo 93 pp { 43 pp uhfwdqjxodu doxplqlxp vshflphq zlwk
d vhfwlrq 5 pp ghhs dqg 43 pp zlgh uhpryhg iurp wkh edfn vxuidfh vr dv wr vlpxodwh pdwhuldo orvv gxh
wr fruurvlrq1 Wkh vwuxfwxuh zdv prghoohg xvlqj d 57 � 43 olqhdu uhfwdqjxodu hohphqw glvfuhwlvdwlrq vfkhph
+Ilj 8, dqg wkh h{flwdwlrq +dssolhg dw | @ 3, frqvlvwhg ri d �{hg lqwhqvlw| sxovh ri 53 pv gxudwlrq1 Diwhu
vroylqj wkh khdw frqgxfwlrq sureohp/ wkh frqwudvw dw hdfk vxuidfh qrgdo srlqw zdv ghwhuplqhg lq uhihuhqfh
wr wkh uhvsrqvh dw wkh h{wuhph ohiw ru uljkw kdqg vxuidfh qrgdo srlqwv +htxlydohqw e| v|pphwu|,/ dqg wkhq
vdpsohg dw d udwh ri 63 K} vr dv wr plplf dftxlvlwlrq lq wkh UV4:3 ylghr vljqdo irupdw1 Dv d uhvxow ri wkh
orz vdpsolqj udwh/ rqo| wkh �uvw 48 gdwd srlqwv lq wkh frqwudvw hyroxwlrq dw hdfk vxuidfh qrgdo frxog eh xvhg
lq wkh rswlplvdwlrq surfhvv1 Wkh �uvw remhfwlyh ri wkh ydolgdwlrq zdv wr hvwlpdwh wkh ghswk udwlr � dw hdfk
vxuidfh qrgdo srlqw vr dv wr h{dplqh krz zhoo wkh prgho frxog suhglfw wkh  dz ghswk dqg wkh edfn vxuidfh
sur�oh lq jhqhudo1

Hvwlpdwhv iru � dqgD ghwhuplqhg iurp wkh frqwudvw hyroxwlrqv duh sorwwhg dv d ixqfwlrq ri vxuidfh srvlwlrq
lq Ilj 9/ zklovw wkh ydoxhv ri �/ vfdohg wr ohqjwk/ duh vxshulpsrvhg rq wkh phvk lq Ilj 81 Wkh hvwlpdwhg
glvwulexwlrq ri � dv d ixqfwlrq ri odwhudo srvlwlrq kdv d Jdxvvldq vkdsh1 Dw wkh fxwrxw/ wkh glvfuhsdqf| lq
suhglfwhg ghswk udqjhv iurp d shdn ri 8( dw wkh plg0srlqw wr sudfwlfdoo| qlo dw wkh hgjhv1 Vrph huuru lv dozd|v
wr eh h{shfwhg vlqfh wkh rqh0glphqvlrqdo prgho fdq qhyhu surylgh d frpsohwh ghvfulswlrq ri zkdw lv fohduo|
d wzr0glphqvlrqdo khdw frqgxfwlrq surfhvv1 Vwdwhg vlpso|/ vlqfh gl�xvlrq lpsolhv dq lqvwdqwdqhrxv wudqvihu
ri lqirupdwlrq/ wzr0glphqvlrqdo h�hfwv duh pdqlihvw lq wkh vxuidfh uhvsrqvh dw wkh prphqw wkh h{flwdwlrq lv
dssolhg1 Wkh nh| srlqw krzhyhu lv wkdw wkh glvfuhsdqflhv fdxvhg e| wklv zloo whqg wr eh vpdoo/ dv vhhq lq
wkh fxuuhqw h{dpsoh/ zkhq rqo| wkh hduo| vwdjh ri wkh frqwudvw hyroxwlrq lv frqvlghuhg1 Zkhuh odujhu huuruv
duh h{shfwhg lv lq wkh vrxqg uhjlrq dgmdfhqw wr wkh  dz1 Khuh/ wkh frqwudvw hyroxwlrq lv vroho| dq duwhidfw
ri odwhudo khdw frqgxfwlrq h�hfwv dqg vr lw frphv dv qr vxusulvh wkdw wkh prgho idlov wr wudfn suhflvho| wkh
deuxsw fkdqjh lq edfn vxuidfh vkdsh1 Qrqhwkhohvv/ rqh rewdlqv txlwh d xvhixo vkdsh suhglfwlrq wkdw zrxog
suredeo| vx!fh iru prvw sudfwlfdo sxusrvhv1 D qrwdeoh ihdwxuh lq Ilj1 9 lv wkh deuxsw fkdqjh lq wkh vsdwldo
judglhqw ri D qhdu wkh  dz hgjh1 Wklv lv v|pswrpdwlf ri wkh h�hfwv ri odwhudo khdw gl�xvlrq dqg frxog wkxv
srwhqwldoo| |lhog d xvhixo phdvxuh ri wkh h!fdf| ri wkh fruuhvsrqglqj � hvwlpdwhv1
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Iljxuh 8= 57 � 53 uhfwdqjxodu hohphqw glvfuhwlvdwlrq ri wkh 93 � 43 pp vshflphq grpdlq1 Vkrzq dovr lv
wkh  dz rxwolqh dqg wkh rxwolqh frqvwuxfwhg iurp ydoxhv ri � hvwlpdwhg iurp wkh frqwudvw uhvsrqvh dw hdfk
vxuidfh qrgdo srlqw1
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Iljxuh 9= Sorw ri � dqg D iru wkh vlpxodwhg fdvh dv d ixqfwlrq ri srvlwlrq dfurvv wkh vshflphq1 Wkh  dz
vsdqv wkh udqjh 58 � 68 pp1

;



51414 Urexvwqhvv

Wkh prgho zdv qh{w dssolhg wr vlpxodwhg gdwd fruuxswhg zlwk nqrzq ohyhov ri qxphulfdoo| jhqhudwhg
qrupdoo|0glvwulexwhg qrlvh1 Suhvhqwhg lq Wdeoh 4 duh wkh uhohydqw vwdwlvwlfv iru wkh +�>D, hvwlpdwhv rewdlqhg
iurp gdwd wdnhq dw wkh fhqwudo qrgh1 Olvwhg ydoxhv/ zlwk wkh h{fhswlrq ri wkrvh shuwdlqlqj wr wkh qrlvh iuhh
fdvh/ uhsuhvhqw dq dyhudjh ri wzhqw| lqglylgxdo uhvxowv1 Wzr qrlvh ohyhov zhuh frqvlghuhg/ hdfk fkdudfwhul}hg
e| d vljqdo wr qrlvh udwlr fdofxodwhg iurp srzhu vshfwudo ghfrpsrvlwlrqv ri wkh frqwudvw dqg qrlvh vljqdov1

Wdeoh 4= Dulwkphwlf phdq +�, dqg vwdqgdug ghyldwlrq +�, ri hvwlpdwhv rewdlqhg iurp qrlv| gdwd1

�
VQU

�� �� �
D

�
D

Qr qrlvh 4 31:9 3 <16 3
Qrlvh 0 fdvh 4 7149 31:6 313; 47135 4318:
Qrlvh 0 fdvh 5 316; 31:6 314< 4913: 461;5

Wkh dgglwlrq ri qrlvh lv vhhq wr fdxvh rqo| d voljkw eldv lq wkh phdq ydoxh ri �> wkh 7 ( glvfuhsdqf| lv pruh
wkdq dffhswdeoh lq ylhz ri wkh vsduvhqhvv ri wkh frqwudvw hyroxwlrq gdwd +frpsulvlqj rqo| 48 srlqwv/ dv vwdwhg
hduolhu,1 Wkh vwdqgdug ghyldwlrqv lq erwk � dqg D lqglfdwh jrrg urexvwqhvv/ d ihdwxuh wkdw lv shukdsv ehwwhu
looxvwudwhg zlwk wkh khos ri wkh judsk lq Ilj :1 Khuh/ dq lqglfdwlrq lv jlyhq wkdw kljk ohyhov ri qrlvh kdyh
olwwoh lpsdfw rq wkh wklfnqhvv hvwlpdwh dv orqj dv wkh vkdsh ri wkh frqwudvw hyroxwlrq lv suhvhuyhg1 Fohduo|/ d
odujh gdwd srsxodwlrq dqg d kljk VQU duh dgydqwdjhrxv1 Dv d �qdo frpphqw/ lw lv zruwk srlqwlqj rxw wkdw
phwkrgv edvhg rq d vlqjoh fkdudfwhulvwlf wlph/ wkh wlph wr frqwudvw lq hfwlrq iru lqvwdqfh/ duh qrw h{shfwhg
wr shuirup dq|zkhuh qhdu dv zhoo xqghu wkh qrlvh frqglwlrqv frqvlghuhg khuh1
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Modelled response    

With noise added     

From estimated γ

Iljxuh := Frqwudvw uhvsrqvh zlwk qrlvh dgghg +VQU@3194, dv zhoo dv wkh uhvsrqvh suhglfwhg iurp hvwlpdwhg
ydoxhv ri � +@ 3=;4, dqg D +@ 4<=88,=

<



515 H{shulphqw Uhvxowv dqg Glvfxvvlrq

Ehfdxvh ri olplwdwlrqv lq wkh shuirupdqfh fdsdelolwlhv ri wkh dydlodeoh wkhupdo lpdjlqj htxlsphqw/ wkh
h{shulphqwdo lqyhvwljdwlrq kdg wr eh irfxvhg rq vshflphqv zlwk udwkhu vhyhuh ohyhov ri vlpxodwhg fruurvlrq
gdpdjh +Ilj ;,1 Wkh lqglfdwhg vshflphqv zhuh pdqxidfwxuhg iurp dq Do5357 door| zlwk wkh iroorzlqj dvvxphg
wkhupdo surshuwlhv= � @ 7< pp5 vhf�4/ dqg N @ 458 Zp�4N�41 Wkh wkhupdo h{flwdwlrq vrxufh frqvlvwhg
ri d 9 nM skrwrjudsklf  dvk dssdudwxv zlwk d sxovh gxudwlrq suhvxphg wr eh vkruw hqrxjk wr dghtxdwho|
dssur{lpdwh wkh lpsxovh dvvxpswlrq xvhg lq wkh prgho irupxodwlrq1 Wkhupdo uhvsrqvh phdvxuhphqwv zhuh
wdnhq xvlqj dq Lqiudphwulfv :93 vfdqqlqj +KjFgWh, LU fdphud lq UV4:3 dqdorjxh ylghr vljqdo irupdw dqg
wkhq ihg lqwr d ylghr lpdjh surfhvvru zkhuh wkh gdwd zdv gljlwl}hg wr ; elwv dqg vwruhg wr glvn1 Wkh q

w

dftxluhg iudphv zhuh uhgxfhg wr d vlqjoh q
{

�q
w

duud| ri sl{ho lqwhqvlwlhv L/ zkhuh q
{

lv wkh qxpehu ri sl{hov
dorqj wkh olqh DE +Ilj ;,1 Wkhvh gdwd zhuh irxqg wr frqwdlq d vsdwldo wuhqg zklfk zdv hylghqwo| fdxvhg e|
wkh qrq0xqlirup dssolfdwlrq ri looxplqdwlrq xsrq wkh vshflphq vxuidfh1 Wkh wuhqg zhuh uhpryhg e| iruplqj
d txdgudwlf ixqfwlrq dw hdfk wlph lqwhuydo m iurp d gdwd vhw h{foxglqj wkh  dzhg uhjlrq/ l1h1 L

l@4=43>q{�43=q{>m
/

dqg vxewudfwlqj wklv iurp wkh frpsohwh vhw L
l@4=q{>m

1 Wkh frqwudvw zdv wkhq iruphg iurp wkh fruuhfwhg gdwd
e| vxewudfwlqj wkh idu �hog r�vhw/ R/ dv gh�qhg e| wkh dyhudjh sl{ho ydoxh derxw srlqw D/

F
l>m

@ L
l>m

�R
m

> +8,

zkhuh/

R
m

@
4

q

q[
l@4

L
l>m

=

Khuh/ F lv wkh frqwudvw dqg q @ 8 lv d w|slfdo ohqjwk iru wkh dyhudjlqj zlqgrz1 Wkh rswlplvdwlrq/ Htq
+6,/ zdv shuiruphg iru hdfk srlqw l dorqj wkh olqh DE zlwk �

m

� F
l>m@4=Q

1 Ehfdxvh ri wkh vorz vdpsolqj udwh
ri wkh wkhupdo lpdjhu +63 K},/ Q whqghg wr eh vpdoo +ohvv wkdq 43 srlqwv,1

Wkh surfhvvhg frqwudvw hyroxwlrq iru wkh GIF vshflphq lv vkrzq lq Ilj < dqg wkh fruuhvsrqglqj rswl0
plvdwlrq uhvxow lv suhvhqwhg lq Ilj 431 Wkh odwwhu lqglfdwhv d ghswk udwlr ri derxw 3167 zlwklq wkh  dzhg
uhjlrq +ehwzhhq 58�68 pp,/ zklfk fruuhvsrqgv txlwh forvho| wr wkh nqrzq ydoxh ri 317/ rqo| vrph 48 ( lq
huuru1 Qrwh dovr wkdw wkh yduldwlrq derxw wklv dyhudjh ydoxh lv txlwh vpdoo1 Prylqj dzd| iurp wkh fhqwuh
wrzdugv wkh  dz hgjh wkh fkdqjh lq � dfurvv wkh hgjh lqwr wkh xq dzhg uhjlrq lv qrw qhduo| dv glvwlqfw dv
irxqg lq wkh vlpxodwlrq uhvxow +Ilj 8,/ dqg lqghhg � grhv qrw whqg wr wkh fruuhfw uhihuhqfh ydoxh ri 4 dw doo/
exw pdlqwdlqv d vwhdg| ydoxh ri qhdu 3161 Wklv lv wkrxjkw wr eh dw ohdvw sduwo| dwwulexwdeoh wr wkh yhu| orz
VQU dzd| iurp wkh  dzhg uhjlrq/ wkrxjk rqh fdqqrw glvfrxqw wkh srvvlelolw| wkdw wkh h{shulphqwdo gdwd
pd| kdyh ehhq eldvhg e| wkh uhvlgxdo h�hfwv ri wkh qrq0xqlirup looxplqdwlrq phqwlrqhg hduolhu1 E| phuho|
vxewudfwlqj d txdgudwlf r�vhw rqh grhv qrw dffrxqw iru dq| lqgxfhg odwhudo khdw gl�xvlrq h�hfwv zklfk frxog
srvvleo| eldv wkh uhvxow1 Wkh lpsruwdqfh ri wklv uhvxow vkrxog qrw eh ryhuvwdwhg krzhyhu vlqfh lq sudfwlfh lw lv
doprvw dozd|v srvvleoh wr uholdeo| orfdolvh d ghihfwlyh uhjlrq rq wkh edvlv ri wkh udz whpshudwxuh lpdjh1 Wkh
frqwudvw uhvsrqvh iru wkh VIF vshflphq +Ilj 44, zdv idu fohdqhu wkdq wkdw iru wkh GIF fdvh dqg dffruglqjo|
wkh hvwlpdwhv iru wkh ghihfw ghswk zhuh qrwlfhdeo| ehwwhu1 Ilj 45 vkrzv erwk d pruh frqfoxvlyh gholqhdwlrq
ehwzhhq wkh ghihfwlyh dqg vrxqg uhjlrqv dv zhoo dv d voljkwo| ehwwhu hvwlpdwh iru wkh ghihfw ghswk/ rq dyhudjh
ohvv wkdq 43( lq huuru1 Uhpdundeo|/ wklv uhvxow zdv dfklhyhg ghvslwh rqo| 7 gdwd srlqwv ehlqj xvhg lq wkh
rswlplvdwlrq surfhvv1 Wkh wdshuhg vkdsh ri wkh  dz lv qrw zhoo lqglfdwhg lq wkh hvwlpdwhv/ dv rqh vkrxog
h{shfw lq ylhz ri wkh olnho| vljql�fdqfh ri odwhudo khdw gl�xvlrq lq wkhvh uhjlrqv1

Wkh sursrvhg phwkrg kdv ehhq vkrzq wr eh fdsdeoh ri uhqghulqj xvhixo hvwlpdwhv ri  dz ghswk zkhq
wkh  dz h{whqw lv uhdvrqdeo| odujh lq frpsdulvrq wr wkh uhvlgxdo vshflphq wklfnqhvv1 Wkh phwkrg lv qrw
h{shfwhg wr shuirup htxdoo| zhoo zkhuh wklv frqglwlrq lv qrw phw/ dv pd| rffxu zkhq wkh fruurvlrq gdpdjh
lv kljko| orfdolvhg1 Xqghu vxfk flufxpvwdqfhv/ odwhudo khdw gl�xvlrq h�hfwv fdqqrw eh frqvlghuhg lqvljql�fdqw
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Iljxuh ;= Vfkhpdwlf vkrzlqj erwk wkh ghhs  dz dqg wkh vkdoorz  dz vshflphq frq�jxudwlrqv1
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Iljxuh 43= Uhvxowv iru GIF vshflphq +� @ 3=7,1 Rswlplvdwlrq shuiruphg dw hdfk vsdwldo orfdwlrq xvlqj qlqh
frqwudvw0hyroxwlrq gdwd srlqwv1
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Iljxuh 45= Uhvxowv iru GIF vshflphq +fruuhfw � @ 3=5,1 Rswlplvdwlrq shuiruphg dw hdfk vsdwldo orfdwlrq
xvlqj rqo| irxu frqwudvw0hyroxwlrq gdwd srlqwv1

dqg wkxv qhhg wr eh wdnhq lqwr dffrxqw lq dq| dwwhpsw dw vroylqj wkh fkdudfwhulvdwlrq sureohp1 R�huhg lq
wkh iroorzlqj vhfwlrq lv dq dowhuqdwlyh vwudwhj| ehwwhu deoh wr kdqgoh vxfk fdvhv1

6 Ilqlwh Hohphqw Edvhg Rswlplvdwlrq

Dv lqglfdwhg lq vhfwlrq 414/ wr lqfoxgh odwhudo khdw gl�xvlrq h�hfwv lq dq dqdo|wlfdo dssurdfk wr wkh lqyhuvh
sureohp zrxog lq prvw fdvhv qhfhvvlwdwh d gudvwlf vlpsol�fdwlrq ri wkh dfwxdo sureohp/ l1h1 wkh kdoi0sodqh
dvvxpswlrq ri Furzwkhu hw do +4<<6, dqg wkh vwhdg| vwdwh dvvxpswlrq ri Kvhlk ) Ndvvde +4<;9,1 H{lvwlqj
dqdo|wlfdo vwxglhv gr srlqw wr wkh idfw krzhyhu wkdw wkhvh vlpsol�fdwlrqv duh qhfhvvdu| sulpdulo| lq rughu
wr idflolwdwh d vroxwlrq wr wkh uhohydqw iruzdug khdw gl�xvlrq sureohp1 Wklv wkhq udlvhv wkh txhvwlrq ri zk|
qrw dgdsw d qxphulfdo whfkqltxh wr kdqgoh wklv iruzdug frpsrqhqw ri wkh lqyhuvh sureohp> hyhq surirxqgo|
frpsoh{ iruzdug khdw frqgxfwlrq sureohpv duh vroyhg wulyldoo| zlwk qxphulfdo whfkqltxhv olnh wkh �qlwh
hohphqw phwkrg1

Doprvw dq| lqyhuvh wkhupdo sureohp vkrxog vxffxpe wr wkh iroorzlqj edvlf irupxod= �uvw vroyh wkh iruzdug
sureohp iru vrph duelwudu| lqlwldo hvwlpdwh iru wkh ghihfw vkdsh1 Wklv vkdsh lv wkhq prgl�hg e| vxffhvvlyh
lwhudwlrqv ri d qrq0olqhdu rswlplvdwlrq vfkhph rq wkh edvlv ri wkh ohyho ri djuhhphqw ehwzhhq wkh whpshudwxuh
uhvsrqvh dv ghwhuplqhg e| wkh qxphulfdo vroxwlrq dqg wkdw phdvxuhg h{shulphqwdoo|1 Zkhq qr ixuwkhu
lpsuryhphqw lq wkh djuhhphqw fdq eh dfklhyhg e| prgl�|lqj wkh fxuuhqw hvwlpdwh iru wkh  dz vkdsh/ wkdw
vkdsh lv dvvxphg wr eh wkh vroxwlrq1 Wzr dvvxpswlrqv duh ixqgdphqwdo dqg txlwh uhdvrqdeoh= +l, wkdw d �qlwh
hohphqw prgho ri wkh ghihfw0iuhh vwuxfwxuh fdq eh frqvwuxfwhg dqg +ll, wkdw wkh uhohydqw wkhupdo surshuwlhv
ri wkh vwuxfwxuh duh nqrzq1

Wkh frpsxwdwlrqdo h!flhqf| ri dq| vxfk vwudwhj| lv fohduo| dq lpsruwdqw frqvlghudwlrq vlqfh wkh lwhudwlyh
dssolfdwlrq ri d qxphulfdo phdqv ri vroylqj d odujh khdw frqgxfwlrq sureohp lv olnho| wr eh frpsxwdwlrqdoo|
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Iljxuh 46= Vxuidfh whpshudwxuh uhvsrqvh dv d ixqfwlrq ri wlph iru d 43 pp wklfn doxplqlxp sodwh zlwk dqg
zlwkrxw sdlqw frdwlqj1 Wr vlpxodwh gdwd dftxlvlwlrq zlwk d w|slfdo skrwrq ghwhfwru wkh uhvsrqvh kdv ehhq
vdpsohg dw d 93 K} udwh dqg zlwk dq lqwhjudwlrq lqwhuydo ri 31349: vhfrqg1

oderulrxv1 Rqh ri wkh prvw lpsruwdqw lqjuhglhqwv iru d txlfn vroxwlrq lv d fduhixoo| vshfl�hg remhfwlyh ixqfwlrq1
Wkh reylrxv irupxodwlrq zrxog frpsulvh wkh vtxduhg gl�huhqfh ehwzhhq wkh phdvxuhg dqg fdofxodwhg vhwv ri
sulprugldo gdwd1

" @
P[
m@4

Q[
l@4

+�
l>m

� W
l>m

,5> +9,

zkhuh/ uhvshfwlyho|/ � dqg W duh wkh phdvxuhg dqg suhglfwhg whpshudwxuh uhvsrqvhv dqg l/ dqg m uhsuhvhqw
vsdwldo dqg wlph lqglfhv1 Ghvslwh lwv vlpsolflw| dqg vwdwlvwlfdo h!flhqf|/ dq remhfwlyh ixqfwlrq ri wklv irup lv
xqghvludeoh fklh | iru wkh uhdvrq wkdw devroxwh phdvxuhphqwv duh vxvfhswleoh wr wkh sdudvlwlf h�hfwv glvfxvvhg
hduolhu1 Dqrwkhu lpsruwdqw sureohp lqyroyhv wkh od|hu ri sdlqw fxvwrpdulo| dssolhg wr d wdujhw vwuxfwxuh wr
hqkdqfh lwv lqiuduhg hpplvlylw|1 Lq frpsdulvrq wr wkh vwuxfwxuh/ wklv od|hu lv xvxdoo| h{wuhpho| wklq dqg vr lwv
lpsdfw rq wkh phdvxuhg whpshudwxuh uhvsrqvh lv doprvw dozd|v frqvlghuhg qhjoljleoh> wkdw lv/ rqh qrupdoo|
dvvxphv wkdw wkh phdvxuhphqwv duh d ixqfwlrq vroho| ri wkh vxevwudwh1 Lq uhdolw| krzhyhu/ wklv dvvhuwlrq
uduho| krogv wuxh lq wkh hduo| vwdjhv ri wkh uhvsrqvh li wkh h{flwdwlrq lv vkruw olyhg/ dv lw lqyduldeo| lv zkhq
ghdolqj zlwk  dvk wkhuprjudsk|1 Lq idfw/ dw wkh yhu| rqvhw ri wkhupdo h{flwdwlrq/ wkh vxuidfh whpshudwxuhv
frpsulvh doprvw hqwluho| ri wkh sdlqw od|hu uhvsrqvh1 Iljxuh 46 looxvwudwhv wkh h�hfw ri sdlqw od|hu wklfnqhvv rq
wkh phdvxuhg uhvsrqvh ri dq doxplqlxp vxevwudwh dv ghwhuplqhg e| dq dqdo|vlv suhvhqwhg lq wkh Dsshqgl{1
Dffruglqj wr wkhvh uhvxowv/ hyhq dq xquhdolvwlfdoo| wklq 4 �p frdwlqj ri sdlqw vkrxog kdyh d phdvxudeoh h�hfw1
W|slfdo sdlqw od|hu wklfnqhvvhv h{fhhg 53 �p1 Wkh lpsolfdwlrqv ri wklv duh wkdw li wkh sulprugldo gdwd duh wr
eh xvhg/ wkhq wkh h�hfw ri dq| h{lvwlqj sdlqw od|hu qhhgv wr eh wdnhq lqwr dffrxqw lq wkh IH prgho1

Wkh qhhg iru prghoolqj wkh sdlqw od|hu fdq eh dyrlghg e| vshfli|lqj dq remhfwlyh ixqfwlrq lq whupv ri
hohphqwv ri wkh whpshudwxuh uhvsrqvh wkdw qrw rqo| frqyh| wkh fkdudfwhulvwlfv lpsruwdqw lq gh�qlqj wkh
vxevwudwh vwuxfwxuh exw wkdw duh dovr lqghshqghqw ri wkh sdlqw od|hu surshuwlhv1 Lq grlqj wklv fduh qhhgv
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wr eh wdnhq wr lqfoxgh hqrxjk lqirupdwlrq wr frqvwudlq wkh sureohp vr wkdw lw |lhogv dq remhfwlyh ixqfwlrq
wrsrjudsk| zlwk dv ihz orfdo plqlpd dv srvvleoh � lghdoo| zlwk d xqltxh vroxwlrq1 Dq remhfwlyh ixqfwlrq zdv
ghyhorshg frpsulvlqj ri wkuhh whupv wkdw zdv vkrzq diwhu fduhixo dqdo|vlv wr kdyh wkhvh uhtxlvlwh surshuwlhv1
Wkhvh frpsrqhqwv duh dv iroorzv=
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zkhuh �W
l

/ dqg ��
l

duh wkh dyhudjh ydoxhv ri wkh fdofxodwhg dqg h{shulphqwdo whpshudwxuhv uhvshfwlyho|/ dqg
wkh vxevfulswv l/ dqg m duh lqglfhv vsdqqlqj Q vsdwldo dqg P wlph srlqwv uhvshfwlyho|1 Wkh whup uhsuhvhqwv
wkh dyhudjh fruuhodwlrq frh!flhqw ehwzhhq wkh vsdwldo vkdshv ri wkh h{shulphqwdo dqg fdofxodwhg gdwd vhwv1
Wkh qh{w whup lv
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Khuh/ wsf
l

uhsuhvhqwv wkh wlph wdnhq iru wkh fdofxodwhg frqwudvw hyroxwlrq dw srlqw l wr dwwdlq lwv pd{lpxp
ydoxh/ �sf

l

lv wkh fruuhvsrqglqj wlph lq wkh h{shulphqwdo gdwd vhw/ dqg $
l

uhsuhvhqwv d zhljkwlqj idfwru
dssolhg wr wkh wlph phdvxuhphqw dw srlqw l dqg lv gh�qhg lq uhodwlrq wr wkh devroxwh pd{lpxp frqwudvw lq
wkh glvwulexwlrq/ yl}1/
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Wkh �qdo whup lv rewdlqhg e| vxevwlwxwlqj wkh wlph wr kdoi shdn frqwudvw lq sodfh ri wkh wlph wr shdn
frqwudvw lq Htq +6,/ yl}1/
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zkhuh ksf lv dq deeuhyldwlrq iru ckdoi shdn frqwudvw*1 Wkh frpsohwh remhfwlyh ixqfwlrq lv iruphg e| d
zhljkwhg vxp ri doo wkuhh whupv dv iroorzv/
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zkhuh �
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duh zhljkwv iru wkh frpsrqhqwv "
d

/ "
e

/ dqg "
f

uhvshfwlyho|1 Xvxdoo|/ rqh zrxog
zhljkw doo wkuhh frpsrqhqwv lghqwlfdoo|1 D srvvleoh h{fhswlrq lv zkhuh wkh wlph wr kdoi shdn frqwudvw rffxuv
zlwklq wkh �uvw ihz iudphv ri gdwd/ dv pd| rffxu zlwk doxplqlxp vwuxfwxuhv zkhq vdpsolqj dw frqyhqwlrqdo
ylghr udwhv1 Lq wklv fdvh wkh phdvxuh dggv olwwoh lqirupdwlrq dqg vkrxog eh zhljkwhg dffruglqjo|1
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Frqvwudlqlqj wkh ghihfw vkdsh wr d glvwlqfw ixqfwlrqdo irup juhdwo| hqkdqfhv wkh survshfw ri dq h!flhqw
vroxwlrq iru wkh rswlplvdwlrq ri "1 E| lwv yhu| qdwxuh/ fruurvlrq whqgv wr surgxfh gdpdjh ri d fkdudfwhulvwlf
vkdsh wkdw ohqgv lwvhoi wr d udwkhu vlpsoh fodvvl�fdwlrq1 Wkh vwxg| lv frq�qhg wkhuhiruh wr wkh irxu0sdudphwhu
uhsuhvhqwdwlrq jlyhq lq Ilj 47/ lq zklfk wkh kdwfkhg sruwlrq ghqrwhv d frpsohwh devhqfh ri pdwhuldo> fruurvlrq
surgxfwv duh qrw frqvlghuhg lq wkh suhvhqw vwxg|1

x

y

yc

ac

bcxc

Iljxuh 47= Vfkhpdwlf vkrzlqj wkh 7 sdudphwhu ixqfwlrqdo ghvfulswlrq ri fruurvlrq gdpdjh xvhg lq vroylqj
wkh rswlplvdwlrq sureohp1

Rewdlqlqj dq h!flhqw vroxwlrq wr wkh iruzdug khdw gl�xvlrq sureohp lv lpsruwdqw dv pdq| vxfk sureohpv
zloo qhhg wr eh vroyhg lq wkh frxuvh ri wkh rswlplvdwlrq surfhvv1 Vlqfh prvw frpphufldo �qlwh hohphqw sdfndjhv
whqg wr kdyh d odujh frpsxwdwlrqdo ryhukhdg/ d ghglfdwhg �qlwh hohphqw urxwlqh zdv zulwwhq wkdw zdv erwk
frpsxwdwlrqdoo| h!flhqw dqg frxog eh hdvlo| lqwhjudwhg zlwk dq rswlplvdwlrq urxwlqh1 Diwhu dvvhvvlqj ydulrxv
rswlplvdwlrq vwudwhjlhv/ dq dojrulwkp frqvlvwlqj ri Srzhoo*v phwkrg zlwk dq hqxphudwlyh glvfuhwh0vwhs olqh
vhdufklqj vwudwhj| zdv vhwwohg xsrq1 Frppxqlfdwlrq ehwzhhq wkh rswlplvdwlrq dqg IHD surjudpv frqvlvwhg
ri rqo| wkh ydoxhv ri wkh 7 sdudphwhuv/ {

f

> |
f

> d
f

> e
f

/ dqg wkh remhfwlyh ixqfwlrq ydoxh "1

Wkh phwkrg zdv whvwhg zlwk qxphulfdoo| jhqhudwhg gdwd dqg irxqg wr shuirup h{wuhpho| zhoo lq whupv ri
erwk suhflvlrq dqg urexvwqhvv1 Lw zdv dovr irxqg wkdw frqyhujhqfh wr d joredoo| rswlpdo vroxwlrq lq whupv ri
wkh 7 sdudphwhuv frxog eh rewdlqhg prvw h!flhqwo| e| shuiruplqj dq lqlwldo rswlplvdwlrq zlwk wkh frqglwlrq
e
f

@ d
f

1 Wkh vroxwlrq wr wklv vpdoohu sureohp/ gxeehg wkh c6s* sureohp/ zdv wkhq xvhg dv dq lqlwldo hvwlpdwh
iru wkh ixoo 7 sdudphwhu sureohp/ gxeehg wkh c7s* sureohp1

614 H{shulphqwdo Uhvxowv dqg Glvfxvvlrq

Wkh phwkrg zdv dssolhg wr wkh h{shulphqwdo gdwd ghvfulehg lq vhfwlrq 515/ iru wkh doxplqlxp VIF dqg
GIF vshflphqv +Ilj ;,1 Wkh uhvxowv wkdw iroorz pd| wkhuhiruh eh frpsduhg gluhfwo| zlwk wkrvh rewdlqhg e|
wkh rqh0glphqvlrqdo phwkrg ri wkh odvw vhfwlrq1 D 57�43 hohphqw glvfuhwlvdwlrq vfkhph zdv xvhg wkurxjkrxw
dqg vroxwlrqv wr wkh rswlplvdwlrq sureohp zhuh rewdlqhg lq doo fdvhv lq xqghu 4 plqxwh ri FSX wlph rq d
533 PK} shqwlxp surfhvvru1 Iljxuh 48 vkrzv wkh ydoxh ri " dv ixqfwlrq ri wkh qxpehu ri wkh IH dqdo|vhv
shuiruphg/ dqg Iljv 49 dqg 4: vkrz wkh vkdshv rewdlqhg xsrq frpsohwlrq ri wkh rswlplvdwlrq surfhvv iru wkh
6s dqg 7s fdvhv uhvshfwlyho|1 Wkh uhfrqvwuxfwlrq vkrzq lq Ilj 49 frpsduhv idyrxudeo| wr wkh nqrzq ghihfw
vkdsh/ zlwk rqo| d voljkw ryhuhvwlpdwlrq ri erwk wkh yhuwlfdo dqg krul}rqwdo vl}h1 D pdujlqdo lpsuryhphqw
lq erwk wkh ohyho ri �wqhvv dv gh�qhg e| " dqg wkh suhglfwhg vkdsh/ duh vhhq lq wkh 7s fdvh +Ilj 4:,1
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Iljxuh 48= " dv d ixqfwlrq ri IHD lwhudwlrq iru GIF vshflphq1

D vlplodu vhtxhqfh ri uhvxowv duh suhvhqwhg iru wkh VIF vshflphq lq Iljv 4;�531 Khuh wkh 7s vroxwlrq
+Ilj 53, suhglfwv wkh  dz ghswk zhoo exw qrw wkh luuhjxodu vkdsh ri wkh fxwrxw1 Wklv lv qrw vxusulvlqj/ dqg
wkh uhdvrq zk| lv shukdsv ehvw h{sodlqhg xvlqj wkh zdyh sursdjdwlrq sdudgljp1 Dvvxplqj wkdw wkh wkhupdo
h{flwdwlrq dssolhg wr wkh vxuidfh odxqfkhv d vhulhv ri wkhupdo zdyhv lqwr wkh vwuxfwxuh +Juhhq +4<5:,,/ wkh
frqwudvw uhvsrqvh fdq wkhq eh wkrxjkw ri dv uhvxowlqj iurp wkh uhyhueudwlrq ri wkhvh zdyhv1 Exw lq d gl�xvlrq
surfhvv/ dq| vxfk zdyhv duh vwurqjo| dwwhqwxdwhg zlwk ghswk/ pxfk olnh hohfwurpdjhwlf zdyhv lq d frqgxfwlqj
vrolg duh/ vr wkdw wkh uh hfwlrqv hpdqdwlqj iurp ghhs zlwklq wkh vshflphq duh qhfhvvdulo| pxfk zhdnhu
wkdq wkrvh iurp wkh vkdoorzhu uhjlrqv1 Dv d frqvhtxhqfh/ wkh ghhshu vwuxfwxuh ri wkh  dz lv rqo| zhdno|
uhsuhvhqwhg lq wkh phdvxuhg frqwudvw uhvsrqvh1 Zkhq frpelqhg zlwk frslrxv dprxqwv ri h{shulphqwdo qrlvh
dqg lqfrqvlvwhqflhv ehwzhhq wkh �qlwh hohphqw prgho dqg h{shulphqwdo uhdolw|/ wkh uhfrqvwuxfwlrq ri wkhvh
ghhs ihdwxuhv lv vhhq wr eh dq h{fhswlrqdoo| fkdoohqjlqj sursrvlwlrq1

Wkh vlpsohvw zd| wr lpsuryh wkhvh uhvxowv ryhudoo lv wr lpsuryh wkh txdolw| ri wkh h{shulphqwdo gdwd1
Wklv fdq eh grqh lq d qxpehu ri zd|v/ exw shukdsv prvw hdvlo| e| vlpso| prghuqlvlqj wkh wkhupdo lpdjlqj
htxlsphqw1 Wkh gdwd xvhg lq wkh suhvhqw zrun zdv dftxluhg zlwk dq rog v|vwhp wkdw kdv erwk d orz vdpsolqj
udwh dqg srru lqwulqvlf VQU frpsduhg wr prghuq v|vwhpv1 Lpsuryhphqwv frxog dovr eh pdgh e| xvlqj kljkhu
lqwhqvlw| ru pxowlsoh  dvk xqlwv dqg hqvxulqj wkdw wkh h{flwdwlrq lv dssolhg wr wkh vshflphq dv xqlirupo| dv
srvvleoh vr dv wr dyrlg lqgxflqj vhfrqgdu| odwhudo gl�xvlrq1 Qrq0xqlirup looxplqdwlrq frxog dowhuqdwlyho|
eh lqfrusrudwhg gluhfwo| lq wkh IH prgho/ exw wklv zrxog uhtxluh wkh dgglwlrqdo h�ruw ri fkdudfwhulvlqj wkh
looxplqdwlrq glvwulexwlrq1 Qr dwwhpsw zdv pdgh lq wkh suhvhqw vwxg| wr frq�up wkh wkhupdo surshuwlhv jlyhq
lq vhfwlrq 515/ wkrxjk zlwk qr dssduhqw v|vwhpdwlf eldvhv hylghqw lq wkh uhvxowv/ wkhuh dsshduv wr eh olwwoh
srvvlelolw| ri vljql�fdqw huuru1
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Iljxuh 49= Rswlpdo vkdsh +krul}rqwdoo| kdwfkhg, frpsduhg wr nqrzq  dz vkdsh +yhuwlfdoo| kdwfkhg, rewdlqhg
iurp 6s vroxwlrq iru wkh GIF vshflphq gdwd1 Zhljkwlqjv zhuh �
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7 Frqfoxvlrq

Wzr lqghshqghqw phwkrgv kdyh ehhq suhvhqwhg wkdw hqdeoh d fkdudfwhulvdwlrq ri fruurvlrq gdpdjh wr eh
shuiruphg iurp wkhupdo uhvsrqvh phdvxuhphqwv1 Edvhg xsrq d rqh glphqvlrqdo dqdo|wlfdo vroxwlrq wr wkh
khdw gl�xvlrq htxdwlrq wkh �uvw phwkrg zdv ghyhorshg vshfl�fdoo| iru sureohpv lq zklfk wkh odwhudo h{whqw
ri gdpdjh lv odujh frpsduhg wr wkh uhvlgxdo vwuxfwxudo wklfnqhvv1 Wkurxjk erwk qxphulfdo dqg h{shulphqwdo
dssolfdwlrqv wkh phwkrg zdv ghprqvwudwhg wr eh urexvw hqrxjk wr eh dssolhg wr udz wkhuprjudsklf gdwd
dqg wr |lhog ghswk hvwlpdwhv suhflvh hqrxjk iru prvw sudfwlfdo sxusrvhv1 Qr sulru fdoleudwlrq ri wkh phwkrg
lv qhfhvvdu| dqg wkh rqo| suhvxphg nqrzohgjh lv wkdw ri wkh vshflphq uhihuhqfh wklfnqhvv dqg pdwhuldo
wkhupdo surshuwlhv1 Jlyhq lwv uholdqfh rq wkh hduo| wlph klvwru|/ wkh phwkrg lv wkrxjkw wr eh lghdoo| vxlwhg wr
lqvshfwlrq v|vwhpv zlwk kljk iudph0udwh wkhupdo lpdjhuv1 Vxfk v|vwhpv vkrxog idflolwdwh wkh dssolfdwlrq ri
wkh whfkqltxh wr wklq0vnlqqhg vwuxfwxuhv rq dlufudiw/ d fdvh wkdw frxog qrw eh frqvlghuhg zlwk wkh htxlsphqw
dydlodeoh lq wkh suhvhqw lqyhvwljdwlrq1

Wkh vhfrqg phwkrg lv edvhg rq d �qlwh hohphqw rswlplvdwlrq vfkhph dqg fdq wkxv dgguhvv sureohpv
zkhuh d rqh glphqvlrqdo dssurdfk lv qrw mxvwl�hg/ vxfk dv zkhuh wkh uhvlgxdo vshflphq wklfnqhvv dqg wkh
odwhudo h{whqw ri wkh gdpdjh duh ri d vlplodu vfdoh1 H{shulphqwdo uhvxowv lqglfdwhg wkdw ghvslwh lwv uholdqfh rq
dq lwhudwlyh dssolfdwlrq ri d �qlwh hohphqw vroxwlrq/ wkh whfkqltxh |lhogv xvhixo  dz fkdudfwhulvdwlrqv zlwklq
uhdvrqdeoh frpsxwdwlrqdo wlph1 Dowkrxjk rqo| wzr0glphqvlrqdo sureohpv zhuh frqvlghuhg lq wkh suhvhqw
vwxg|/ wkh xqghuo|lqj sulqflsohv duh frpsohwho| jhqhudo1 Lqghhg/ d svhxgr wkuhh0glphqvlrqdo d{lv|pphwulf
lpsohphqwdwlrq lv fxuuhqwo| ehlqj dssolhg wr wkuhh0glphqvlrqdo  dz vwuxfwxuhv1 Zrun lv dovr fxuuhqwo| xqghu0
zd| wr dvvhvv wkh shuirupdqfh ri erwk phwkrgv rq vshflphqv lqyroylqj pxowlod|huhg vwuxfwxuhv dqg fruurvlrq
e|surgxfwv1 Uhvxowv zloo eh suhvhqwhg lq d iruwkfrplqj uhsruw1
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Iljxuh 4:= Dv lq wkh suhfhglqj �jxuh h{fhsw iru 7 sdudphwhuv1
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Iljxuh 53= Dv lq suhfhglqj �jxuh h{fhsw iru 7 sdudphwhuv1
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8 Dfnqrzohgjphqwv

Wklv zrun zdv frqgxfwhg gxulqj wkh dxwkru*v 45 prqwk dwwdfkphqw wr wkh QDVD Odqjoh| Uhvhdufk Fhqwhu
lq Kdpswrq/ Ylujlqld1 Wkh dxwkru judwhixoo| dfnqrzohgjhv wkh h�ruwv ri N1 Hoolrww Fudphu lq frruglqdwlqj
wkh ylvlw dqg pdnlqj dydlodeoh wkh idflolwlhv zklfk pdgh wklv zrun srvvleoh1

9 Uhihuhqfhv

Edqnv/ K1 W1/ Nrmlpd/ I1/ ) Zlqiuhh/ Z1 S1= Erxqgdu| Hvwlpdwlrq Sureohpv Dulvlqj lq Wkhupdo Wr0
prjudsk|/ Lqyhuvh Sureohpv/ Yro1 9/ 4<<3/ ss1 ;<:�<541

Fduvodz/ K1 V1/ ) Mdhjhu/ M1 F1= Frqgxfwlrq ri Khdw lq Vrolgv/ Vhfrqg Hg1/ R{irug Xqlyhuvlw| Suhvv +Qhz
\run,/ 4<8<1

Furzwkhu/ G1 M1/ Idyur/ O1 G1/ Nxr/ S1 N1/ ) Wkrpdv/ U1 O1= Lqyhuvh Vfdwwhulqj Dojrulwkp Dssolhg wr
Lqiuduhg Wkhupdo Zdyh Lpdjhv/ M1 Dsso1 Sk|v1/ Yro1 :7/ 4<<6/ ss1 8;5;�8;671

Gho Judqgh/ Q1 N1/ Grodq/ N1 Z1/ Gxuelq/ S1 I1/ Jruydg/ P1 U1/ ) Vkdslur/ D1 E1= G|qdplf Wkhu0
pdo Wrprjudsk| iru Qrqghvwuxfwlyh Lqvshfwlrq ri Djlqj Dlufudiw/ Odzuhqfh Olyhupruh Qdwlrqdo Oderudwru|/
XFUO0MF0445936/ 4<<61

Idyur/ O1 G1/ Kdq/ [1/ Nxr/ S1 N1/ ) Wkrpdv/ U1 O1= Lpsurylqj wkh Uhvroxwlrq ri Sxovhg Wkhupdo Zdyh
Lpdjhv zlwk d Vlpsoh Lqyhuvh Vfdwwhulqj Whfkqltxh/ Mrxuqdo gh Sk|vltxh LY0F:/ 4<<7/ ss1 878�884

Idyur/ O1 G1/ Kdq/ [1/ Nxr/ S1 N1/ ) Wkrpdv/ U1 O1= Lpdjlqj wkh Hduo| Wlph Ehkdylrxu ri Uh hfwhg
Wkhupdo0zdyh Sxovhv/ VSLH�57:6/ 4<<8/ ss1 495 �4991

Juhhq/ J1= Vrph Sureohpv lq wkh Frqgxfwlrq ri Khdw/ Sklo1 Pdj1 V:/ Yro1 6/ 4<5: ss1:;7�;331

Kvhlk/ F1 N1/ ) Ndvvde/ D1 M1= D Jhqhudo Phwkrg iru wkh Vroxwlrq ri Lqyhuvh Khdw Frqgxfwlrq Sureohpv
zlwk Sduwldoo| Xqnqrzq V|vwhp Jhrphwulhv/ Lqw1 M1 Khdw Pdvv Wudqvihu/ Yro1 5</ 4<;9/ ss1 7:�8;1

Pdogdjxh/ [1 S1 Y1= Qrqghvwuxfwlyh Hydoxdwlrq ri Pdwhuldov e| Lqiuduhg Wkhuprjudsk|/ Vsulqjhu Yhuodj
+Orqgrq1,/ 4<<61

ù}l�vln/ Q1 N1= Erxqgdu| Ydoxh Sureohpv lq Khdw Frqgxfwlrq/ Gryhu +Qhz \run,/ 4<;<1

Sdgh/ R1/ ) Pdqgholv/ D1= Frpsxwdwlrqdo Wkhupdo0zdyh Volfh Wrprjudsk| zlwk Edfnsursdjdwlrq dqg
Wudqvplvvlrq Uhfrqvwuxfwlrqv/ Uhy1 Vfl1 Lqwuxp1/ Yro1 97/ 4<<6/ ss1 687;�68951

Wlwwoh/ F1 Z1= Erxqgdu|0Ydoxh Sureohpv lq Frpsrvlwh Phgld= Txdvl0Ruwkrjrqdo Ixqfwlrqv/ Mrxuqdo ri
Dssolhg Sk|vlfv/ Yro1 69/ 4<98/ ss1 47;9�47;;1

Ydylory/ Y1/ Julq}dwr/ H1/ Elvrq/ S1 J1/ Pdulqhwwl/ V1= Vxuidfh Wudqvlhqw Whpshudwxuh Lqyhuvlrq Iru
Klgghq Fruurvlrq Fkdudfwhulvdwlrq= Wkhru| dqg Dssolfdwlrqv/ Lqw1 M1 Khdw Pdvv Wudqvihu/ Yro1 6</ 4<<9/
ss1 688�6:41

54



Dsshqgl{
Vroxwlrq wr wkh Wzr Od|hu Vode Sureohp

Lq wklv vhfwlrq zh suhvhqw d vroxwlrq iru wkh wzr0od|hu vode sureohp ghslfwhg lq Ilj 54 dqg wkhq looxvwudwh
zlwk d w|slfdo h{dpsoh wkh h�hfw ri sdlqw od|hu wklfnqhvv rq wkh vxuidfh wkhupdo uhvsrqvh ri d sdlqwhg phwdo
vode vxemhfw wr d vkruw0olyhg wkhupdo h{flwdwlrq1

Paint Layer

Metallic Substrate

x

x=0

x=a

x=L

Iljxuh 54= Sdlqwhg vwuxfwxuh vxemhfw wr wkhupdo h{flwdwlrq dw vxuidfh { @ 31

Dq ruwkrjrqdo0h{sdqvlrq dssurdfk lv xvhg wr ghyhors wkh vroxwlrq +Wlwwoh +4<98, dqg ù}l�vln +4<;<,,1 Wkh
whpshudwxuhv lq wkh wzr vodev vdwlvi| wkh iroorzlqj htxdwlrqv/
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zkhuh W lv wkh whpshudwxuh/ n lv wkh wkhupdo frqgxfwlylw|/ � lv wkh wkhupdo gl�xvlylw|/ k lv wkh lqwhuidfldo
wkhupdo uhvlvwdqfh/ dqg wkh vxevfulsw l @ 4 uhihuv wr wkh sdlqw od|hu dqg l @ 5 uhihuv wr wkh vxevwudwh1 Qrwh
wkdw khdwlqj ri wkh sdlqw vxuidfh lv wr eh lqfrusrudwhg lq wkh khdw vrxufh whup ri Ht1 +D4,1 D wudqvlhqw
vroxwlrq lv vrxjkw xvlqj vhsdudwlrq ri yduldeohv/ yl}1/

W
l

+{> w, @
4[
q@4

�
lq

+{,�
q

+w,= +D;,

Frqvlghulqj wkh krprjhqhrxv sureohp �uvw/ �
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+{, pxvw vdwlvi|/

�
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zklfk kdv wkh iroorzlqj vroxwlrq/
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�
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vlq +�

5q
{, = +D44,

Wkh hljhqydoxhv �
5q

dqg �
4q

pd| eh uhodwhg wkurxjk wkh uhtxluhphqw wkdw wkh wlph ghfd| ri wkh whpshu0
dwxuh dw wkh lqwhuidfh { @ d pxvw eh lghqwlfdo iru W

4
dqg W

5
1 Wklv fdq rqo| eh wuxh li

�
4
�5
4q

@ �
5
�5
5q

= +D45,

Pdnlqj wkh iroorzlqj gh�qlwlrq

� @

u
�
4

�
5

> vr wkdw �
5q

@ ��
4q

> +D46,

dqg qrwlqj wkdw rqh ri wkh frh!flhqwv pd| eh fkrvhq duelwudulo|/ vd| F
4q

@ 4/ wkh erxqgdu| frqglwlrqv
+D6�D8, pd| eh dssolhg wr vroyh iru wkh uhpdlqlqj frh!flhqwv G

4q
/ F

5q
/ dqg G

5q
/ zlwk wkh frqvhtxhqw

uhvxow/

�
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@ frv +�
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{, > +D47,

�
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�� vlq +�

4q
{, frv +�

5q
+O� {,,

vlq +�
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+O� d,,
> +D48,

zkhuh

� @
n
4

n
5

��4=

Wkh uhpdlqlqj lqwhuidfh frqglwlrq/ Ht1 +D9,/ lv xvhg wr ghulyh wkh iroorzlqj wudqvfhqghqwdo htxdwlrq iru
wkh hljhqydoxhv
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E| dvvxplqj shuihfw wkhupdo frqwdfw dw wkh lqwhuidfh ehwzhhq wkh vodev/ wkh uhvlvwdqfh � ydqlvkhv dqg
Ht1 +D49, wkhq vlpsol�hv wr/

� wdq +�
4q
d, . wdq +�

4q
�+O� d,, @ 3= +D4:,

Wkh urrwv duh wulyldoo| irxqg e| hpsor|lqj d Qhzwrq0Udskvrq phwkrg zlwklq lqwhuydov erxqghg e| wkh
vlqjxodu srlqwv/
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dqg
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iru q @ 4> 5> 6========4= +D4;,

Lq rughu wr vdwlvi| wkh lqkrprjhqhrxv sureohp/ rqh fdq vkrz wkdw �
q

+w, qhhgv wr vdwlvi|/
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Ruwkrjrqdolw| ri wkh hljhqixqfwlrqv |lhogv wkh iroorzlqj h{sdqvlrq/
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Wkh khdw vrxufh lq wkh suhvhqw vwxg| frqvlvwv ri d vxuidfh khdw  x{ ri lqwhqvlw| �T+w, lpsrvhg rq wkh vxuidfh
{ @ 31 Pdnlqj wkh vxevwlwxwlrq T

4
+{> w, @ �T+w,=�+{ @ 3, dqg T

5
+{> w, @ 3 lq Ht1 +D53, dqg shuiruplqj wkh

qhfhvvdu| lqwhjudwlrqv jlyhv/
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Iru d  x{ ri �{hg lqwhqvlw|/ �T+w, @ �T/ wkh frpsohwh wudqvlhqw vroxwlrq lv/
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Dw vwhdg| vwdwh/ wkhupdo htxloleulxp uhtxluhv wkdw/
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�4
,d

+ n4
�4
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Wkh uhvxow lv qrz dssohg wr h{dplqh wkh h�hfw ri d sdlqw od|hu rq wkh vwuxfwxuh ghslfwhg lq Ilj 54 zkhq
vxemhfwhg wr d frqvwdqw khdw  x{ ri 5 ploolvhfrqg gxudwlrq1 Wkh vxevwudwh lv d 43 pp wklfn doxplqlxp
sodwh zlwk wkhupdo frqgxfwlylw| dqg wkhupdo gl�xvlylw| ri 458 Zp�4N�4 dqg 7< pp5 vhf�4 uhvshfwlyho|
dqg wkh fruuhvsrqglqj sdlqw surshuwlhv duh 315 Zp�4N�4 dqg 31347 pp5 vhf�41 Wkh hyroxwlrq ri vxuidfh
whpshudwxuh lv suhvhqwhg lq Ilj 55 iru sdlqw od|hu wklfnqhvvhv ydu|lqj iurp 3 wr 433 �p dqg dovr iru wkh fdvh
zkhuh wkh vwuxfwxuh frpsulvhv rqo| ri sdlqw1
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Iljxuh 55= Vxuidfh uhvsrqvh +{ @ 3, dv suhglfwhg e| Htqv D59 dqg D5; iru ydulrxv sdlqw od|hu wklfnqhvvhv1
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